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CHERN CLASSES OF SPHERICAL CR MANIFOLDS
YUYA TAKEUCHI
Abstract. We first construct a closed spherical CR manifold of dimension at
least five with non-trivial first Chern class in real coefficients. In particular, it
admits no pseudo-Einstein contact forms. We next give a constraint on Chern
classes of (not necessarily closed) spherical CR manifolds in real coefficients.
Finally we obtain a topological obstruction to the existence of a spherical CR
structure on a given co-oriented contact manifold.
1. Introduction
In conformal geometry, locally conformally flat manifolds, or (PO(n+1, 1), Sn)-
manifolds, are an important class of conformal manifolds. Chern and Simons [CS71]
and Avez [Ave70] have proved that the Pontrjagin classes of any locally conformally
flat manifold are trivial in real coefficients. In this paper, we consider a similar
problem for “locally CR flat” manifolds, which are known as spherical CR manifolds,
or (PU(n+ 1, 1), S2n+1)-manifolds.
We will first construct a closed spherical CR manifolds of dimension at least five
with non-trivial first Chern class in real coefficients. In particular, the vanishing
of characteristic classes does not occur for spherical CR manifolds in general as
opposed to locally conformally flat manifolds.
Theorem 1.1. For each integer n ≥ 2, there exists a closed spherical CR manifold
(S, T 1,0S) of dimension 2n + 1 with c1(T
1,0S) 6= 0 in H2(S,R). In particular, S
has no pseudo-Einstein contact forms.
Note that there exist no known examples of spherical CR three-manifolds with
non-trivial first Chern class in real coefficients.
However, we will obtain a constraint on higher Chern classes of spherical CR
manifolds in terms of the first Chern class.
Theorem 1.2. Let (M,T 1,0M) be a spherical CR manifold of dimension 2n+ 1.
Then
ck(T
1,0M) =
1
(n+ 2)k
(
n+ 2
k
)
c1(T
1,0M)k
in H2k(M,R). In particular,
c2(T
1,0M) =
n+ 1
2(n+ 2)
c1(T
1,0M)2
in H4(M,R).
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The following proposition implies that it is essential to consider the cohomology
in real coefficients.
Proposition 1.3. For each integer n ≥ 2, there exists a closed spherical CR man-
ifold (S, T 1,0S) of dimension 2n+ 1 such that
2(n+ 2)c2(T
1,0S) 6= (n+ 1)c1(T 1,0S)2
in H4(S,Z).
A spherical CR structure T 1,0M has the underlying co-oriented contact structure
ξ := ReT 1,0M . Conversely, it is natural to ask whether a given co-oriented con-
tact structure ξ admits a spherical CR structure. Theorem 1.2 gives a topological
obstruction to this problem.
Theorem 1.4. Let (M, ξ) be a (2n+1)-dimensional co-oriented contact manifold.
If ξ admits a spherical CR structure, then
ck(ξ) =
1
(n+ 2)k
(
n+ 2
k
)
c1(ξ)
k
in H2k(M,R). In particular,
(1.1) c2(ξ) =
n+ 1
2(n+ 2)
c1(ξ)
2
in H4(M,R).
This theorem follows from Theorem 1.2 and the fact that c(ξ) = c(T 1,0M). We
apply this for a Stein fillable contact manifold.
Proposition 1.5. For each integer n ≥ 3, there exists a Stein fillable contact
manifold (M, ξ) of dimension 2n+ 1 such that
c2(ξ) 6= n+ 1
2(n+ 2)
c1(ξ)
2
in H4(M,R). In particular, ξ admits no spherical CR structures.
Note that there exist no Stein fillable contact manifolds of dimension five violat-
ing (1.1). This is because both the second Chern class and the square of the first
Chern class must vanish in real coefficients on any five-dimensional Stein fillable
(more generally, holomorphically fillable) contact manifold; see [Tak20] for example.
This paper is organized as follows. In Section 2, we recall basic facts on CR and
Sasakian manifolds and give a proof of Theorem 1.1. Section 3 is devoted to a proof
of Theorem 1.2. In Section 4, we construct some examples related to Theorems 1.2
and 1.4.
Notation. We use Einstein’s summation convention and assume that lowercase
Greek indices α, β, γ, . . . run from 1, . . . , n.
2. CR geometry
2.1. CR structures. Let M be an orientable smooth (2n+ 1)-dimensional man-
ifold without boundary. A CR structure is a rank n complex subbundle T 1,0M of
the complexified tangent bundle TM ⊗ C such that
T 1,0M ∩ T 0,1M = 0, [Γ(T 1,0M),Γ(T 1,0M)] ⊂ Γ(T 1,0M),
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where T 0,1M is the complex conjugate of T 1,0M in TM ⊗C. A typical example of
CR manifolds is a real hypersurfaceM in an (n+1)-dimensional complex manifold
X ; this M has the canonical CR structure
T 1,0M := T 1,0X |M ∩ (TM ⊗ C).
In particular, the unit sphere S2n+1 in Cn+1 has the canonical CR structure
T 1,0S2n+1. A CR manifold (M,T 1,0M) is said to be spherical if it is locally iso-
morphic to (S2n+1, T 1,0S2n+1). Denote by KM the subbundle of
∧n+1(T ∗M ⊗C)
defined by the equation Zy ζ = 0 for all Z ∈ T 1,0M , called the canonical bundle of
M . For a real number w, we define the bundle E(w) of w-densities by
E(w) := (KM ⊗KM )−w/(n+2).
(If KM \ {0} is viewed as a principal C×-bundle, then E(w) is the complex line
bundle induced by the representation λ 7→ |λ|−2w/(n+2).)
A CR structure T 1,0M is said to be strictly pseudoconvex if there exists a
nowhere-vanishing real one-form θ on M such that θ annihilates T 1,0M and
−√−1dθ(Z,Z) > 0, 0 6= Z ∈ T 1,0M.
We call such a one-form a contact form. The triple (M,T 1,0M, θ) is called a pseudo-
Hermitian manifold. Denote by T the Reeb vector field with respect to θ; that is,
the unique vector field satisfying
θ(T ) = 1, T y dθ = 0.
Let (Zα ) be a local frame of T
1,0M , and set Zα = Zα . Then (T, Zα , Zα ) gives
a local frame of TM ⊗ C, called an admissible frame. Its dual frame (θ, θα, θα) is
called an admissible coframe. The two-form dθ is written as
dθ =
√−1l
αβ
θα ∧ θβ ,
where (l
αβ
) is a positive definite Hermitian matrix. We use l
αβ
and its inverse lαβ
to raise and lower indices of tensors.
Let ζ be a (locally defined) nowhere-vanishing section of KM . We denote by
|ζ|2w the section (ζ ⊗ ζ)w of E(−(n+2)w). A contact form θ is volume normalized
by ζ if
θ ∧ (dθ)n = (√−1)n2(n!)θ ∧ (T y ζ) ∧ (T y ζ).
Conversely, for a contact form θ, there exists a (locally defined) nowhere-vanishing
section ζ of KM such that θ is volume normalized by ζ. Such a ζ is determined
uniquely by θ modulo multiplication by S1-valued smooth functions. Hence |ζ|2w
is independent of the choice of ζ and defines a nowhere-vanishing global section of
E(−(n+ 2)w). In particular, E(w) is a trivial complex line bundle.
An important example of strictly pseudoconvex CR manifolds is the boundary
of a strictly pseudoconvex domain. Let Ω be a relatively compact domain in an
(n + 1)-dimensional complex manifold X with smooth boundary M = ∂Ω. Then
there exists a smooth function ρ on X such that
Ω = ρ−1((−∞, 0)), M = ρ−1(0), dρ 6= 0 on M ;
such a ρ is called a defining function of Ω. A domain Ω is said to be strictly pseu-
doconvex if we can take a defining function ρ of Ω that is strictly plurisubharmonic
nearM . ThenM is a closed strictly pseudoconvex real hypersurface and dcρ|M is a
contact form onM , where dc := (
√−1/2)(∂−∂). In particular, (S2n+1, T 1,0S2n+1)
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is a strictly pseudoconvex CR manifold; this is because S2n+1 is the boundary of
the unit ball in Cn+1, which is a strictly pseudoconvex domain. This implies that
any spherical CR manifold is strictly pseudoconvex.
We call Ω a Stein domain if Ω admits a defining function ρ that is strictly
plurisubharmonic on a neighborhood of the closure of Ω. Note that a Stein do-
main is a Stein manifold; this is because −1/ρ defines a strictly plurisubharmonic
exhaustion function on Ω. A co-oriented contact structure ξ on a closed (2n+ 1)-
dimensional manifold M is Stein fillable if there exists a Stein domain Ω of dimen-
sion n+ 1 such that (∂Ω,ReT 1,0∂Ω) is contactmorphic to (M, ξ).
2.2. Tanaka-Webster connection. A contact form θ induces a canonical affine
connection ∇, called the Tanaka-Webster connection with respect to θ. It is defined
by
∇T = 0, ∇Zα = ω βα Zβ , ∇Zα = ω βα Zβ
(
ω βα := ω
β
α
)
with the following structure equations:
dθβ = θα ∧ ω βα +Aβαθ ∧ θα,
dl
αβ
= ω γα lγβ + lαγω
γ
β
.
The tensor Aαβ := Aαβ
is shown to be symmetric and called the Tanaka-Webster
torsion.
The curvature form Ω βα := dω
β
α −ω γα ∧ω βγ of the Tanaka-Webster connection
satisfies
Ω βα = R
β
α γσθ
γ ∧ θσ −∇βAαγθ ∧ θγ +∇αAβγθ ∧ θγ
−√−1Aαγθγ ∧ θβ +
√−1lαγAβρθγ ∧ θρ.
We call the tensor R βα γσ the Tanaka-Webster curvature. This tensor has the sym-
metry
R
αβγσ
= R
γβασ
= R
ασγβ
.
Contraction of indices gives the Tanaka-Webster Ricci curvature Ricγσ = R
α
α γσ
and the Tanaka-Webster scalar curvature Scal = Ric γγ . The Chern tensor Sαβγσ
is defined by
S
αβγσ
:= R
αβγσ
− P
αβ
lγσ − Pγβ lασ − Pγσ lαβ − Pασ lγβ ,
where
P
αβ
:=
1
n+ 2
(
Ric
αβ
− Scal
2(n+ 1)
l
αβ
)
.
Note that the trace P := P αα is equal to Scal/2(n+1). It is known that (M,T
1,0M)
is a spherical CR manifold if and only if the Chern tensor vanishes identically when
n ≥ 2 [CM74]. The tensor V
αβγ
is defined by
V
αβγ
:= ∇
β
Aαγ +
√−1∇γPαβ −
√−1Tγ lαβ − 2
√−1Tα lγβ ,
where
Tα :=
1
n+ 2
(∇αP −
√−1∇βAαβ).
This tensor is a divergence of the Chern tensor:
(2.1) ∇σS
αβγσ
= −n√−1V
αβγ
;
see [CG17, (2.5)].
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Assume that n ≥ 2. A contact form θ is said to be pseudo-Einstein if
Ric
αβ
=
1
n
Scal · l
αβ
.
It is known that c1(T
1,0M) = 0 in H2(M,R) if (M,T 1,0M) has a pseudo-Einstein
contact form [Lee88, Proposition D].
2.3. Sasakian manifolds. Sasakian manifolds are an important class of pseudo-
Hermitian manifolds. See [BG08] for a comprehensive introduction to Sasakian
manifolds.
A Sasakian manifold is a pseudo-Hermitian manifold (S, T 1,0S, η) with vanishing
Tanaka-Webster torsion. This condition is equivalent to that the Reeb vector field
T with respect to η preserves the CR structure T 1,0S.
A typical example of Sasakian manifolds is the circle bundle associated with a
negative Hermitian line bundle. Let Y be an n-dimensional complex manifold and
(L, h) a Hermitian holomorphic line bundle over Y such that
ω := −√−1Θh = ddc log h
is a Kähler form on Y . Consider the circle bundle
S := { v ∈ L | h(v, v) = 1 }
over Y , which is a real hypersurface in the total space of L. The one-form η :=
dc log h|S is a connection one-form of the principal S1-bundle p : S → Y and satisfies
dη = p∗ω. Moreover, the natural CR structure T 1,0S coincides with the horizontal
lift of T 1,0Y with respect to η. Since ω is a Kähler form, we have
−√−1dη(Z,Z) = −√−1ω(p∗Z, p∗Z) > 0
for all non-zero Z ∈ T 1,0S. This implies that (S, T 1,0S) is a strictly pseudoconvex
CR manifold and η is a contact form on S. We call this pseudo-Hermitian manifold
(S, T 1,0S, η) the circle bundle associated with (Y, L, h).
Consider the Tanaka-Webster connection with respect to η. Take a local coor-
dinate (z1, . . . , zn) of Y . The Kähler form ω is written as
ω =
√−1g
αβ
dzα ∧ dzβ ,
where (g
αβ
) is a positive definite Hermitian matrix. Let Zα be the horizontal lift
of ∂/∂zα. Then (T, Zα, Zα := Zα) is an admissible frame on S. The corresponding
admissible coframe is given by (η, θα := p∗(dzα), θα := p∗(dzα)). Since dη = p∗ω,
we have
dη =
√−1(p∗g
αβ
)θα ∧ θβ ,
which implies l
αβ
= p∗g
αβ
. The connection form π βα of the Kähler metric with
respect to the frame (∂/∂zα) satisfies
(2.2) 0 = d(dzβ) = dzα ∧ π βα , dgαβ = π
γ
α gγβ + gαγπ
γ
β
(
π βα := π
β
α
)
.
We write as Π βα the curvature form of the Kähler metric. Pulling back (2.2) by p
gives
dθβ = θα ∧ (p∗π βα ), dlαβ = (p∗π γα )lγβ + lαγ(p∗π
γ
β
).
This yields that ω βα = p
∗π βα , and the Tanaka-Webster torsion vanishes identically;
that is, (S, T 1,0S, η) is a Sasakian manifold. Moreover, the curvature form Ω βα of
the Tanaka-Webster connection is given by Ω βα = p
∗Π βα . In particular, (S, T
1,0S)
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is a spherical CR manifold if and only if ω defines a Bochner-flat Kähler metric on
Y when n ≥ 2.
Now we construct an example of closed spherical CR manifolds of dimension at
least five with non-trivial first Chern class in real coefficients.
Proof of Theorem 1.1. Let Y1 be a closed Riemann surface of genus two. Take a
Hermitian metric h1 on L1 := T
1,0Y1 such that ω1 := −
√−1Θh1 defines a Kähler-
Einstein metric on Y1 with Einstein constant −1. Denote by h2 a Hermitian metric
on L2 := O(−2) over Y2 := CPn−1 such that ω2 := −
√−1Θh2 is a positive constant
multiple of the Fubini-Study form. Consider the Hermitian holomorphic line bundle
(L := L1 ⊠ L2, h := h1 ⊠ h2) over Y := Y1 × Y2. Then ω := −
√−1Θh = ω1 + ω2
defines a Bochner-flat Kähler metric on Y [TL70, Section 2]. Let (S, T 1,0S, η) be
the circle bundle associated with (Y, L, h). Since ω is Bochner-flat, (S, T 1,0S) is a
spherical CR manifold. It suffices to show c1(T
1,0S) 6= 0 in H2(S,R). The first
Chern classes of L and T 1,0Y are given by
c1(L) = c1(L1) + c1(L2),
c1(T
1,0Y ) = c1(T
1,0Y1) + c1(T
1,0Y2) = c1(L1)− n
2
c1(L2).
Consider the Gysin exact sequence
H0(Y,R) ∼= R c1(L)−−−→ H2(Y,R) p
∗
−→ H2(S,R).
Since c1(T
1,0Y ) is not proportional to c1(L), the cohomology class p
∗c1(T
1,0Y ) is
not equal to zero in H2(S,R). From p∗T 1,0Y ∼= T 1,0S, it follows that c1(T 1,0S) 6= 0
in H2(S,R). In particular, (S, T 1,0S) has no pseudo-Einstein contact forms. 
3. Proof of Theorem 1.2
Let (M,T 1,0M) be a strictly pseudoconvex CR manifold of dimension 2n +
1. Denote by T the complex vector bundle E(1) ⊕ T 1,0M ⊕ E(0) of rank n +
2. Since both E(1) and E(0) are trivial line bundles, we have c(T 1,0M) = c(T ).
Hence it suffices to study c(T ) for a proof of Theorem 1.2. In the proof of [Mar19,
Proposition 5.4], Marugame has introduced a connection ∇T on T via the CR
tractor connection [GG05]; this T coincides with EA(1, 0) in [Mar19]. The curvature
form ΩT of ∇T satisfies
(3.1) ΩT =

0 0 0∗ Ξ βα 0
∗ ∗ 0

+ 1
n+ 2
Ω γγ

1 0 00 δ βα 0
0 0 1

 ,
where
Ξ βα := S
β
α γσθ
γ ∧ θσ − V βα γ θ ∧ θγ + V βαγ θ ∧ θγ .
Proof of Theorem 1.2. Since (M,T 1,0M) is spherical, the Chern tensor S βα γσ van-
ishes identically. It follows from (2.1) that the same is true for V βα γ . Thus we have
Ξ βα = 0. Combining this with (3.1) yields that
det
(
idT +
√−1
2π
ΩT
)
=
(
1 +
1
n+ 2
√−1
2π
Ω γγ
)n+2
is a representative of c(T ) = c(T 1,0M). Since (√−1/2π)Ω γγ is a representative of
c1(T
1,0M), we have the desired conclusion. 
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4. Related examples
We first construct a spherical CR manifold with non-trivial second Chern class.
Proposition 4.1. For each integer n ≥ 4, there exists a closed spherical CR man-
ifold (S, T 1,0S) of dimension 2n+ 1 with
c2(T
1,0S) =
n+ 1
2(n+ 2)
c1(T
1,0S)2 6= 0
in H4(S,R).
Proof. Let Y1 be a fake projective plane; that is, a closed complex hyperbolic man-
ifold with the same Betti numbers as CP 2; see [Mum79] for example. Take a
Hermitian metric h1 on L1 := K
−1
Y1
such that ω1 := −
√−1Θh1 defines a Käh-
ler metric on Y1 with negative constant holomorphic sectional curvature. De-
note by h2 a Hermitian metric on L2 := O(−3) over Y2 := CPn−2 such that
ω2 := −
√−1Θh2 is a positive constant multiple of the Fubini-Study form. Con-
sider the Hermitian holomorphic line bundle (L := L1 ⊠ L2, h := h1 ⊠ h2) over
Y := Y1 × Y2. Then ω := −
√−1Θh = ω1 + ω2 defines a Bochner-flat Kähler met-
ric on Y [TL70, Section 2]. Let (S, T 1,0S, η) be the circle bundle associated with
(Y, L, h). Since ω is Bochner-flat, (S, T 1,0S) is a spherical CR manifold. It suffices
to show c1(T
1,0S)2 6= 0 in H4(S,R) by Theorem 1.2. The first Chern classes of L
and T 1,0Y are given by
c1(L) = c1(L1) + c1(L2),
c1(T
1,0Y ) = c1(T
1,0Y1) + c1(T
1,0Y2) = c1(L1)− n− 1
3
c1(L2).
Consider the Gysin exact sequence
H2(Y,R)
c1(L)−−−→ H4(Y,R) p
∗
−→ H4(S,R).
Since p∗T 1,0Y ∼= T 1,0S, it is sufficient to prove
(4.1) c1(T
1,0Y )2 /∈ Im(H2(Y,R) c1(L)−−−→ H4(Y,R)).
On the one hand,
H2(Y,R) = Rc1(L1)⊕ Rc1(L2),
H4(Y,R) = Rc1(L1)
2 ⊕ Rc1(L1)c1(L2)⊕ Rc1(L2)2,
where we use the fact that n− 2 ≥ 2 in the latter equality. These imply that
H4(Y,R) = Im(H2(Y,R)
c1(L)−−−→ H4(Y,R))⊕ Rc1(L2)2.
On the other hand,
c1(T
1,0Y )2 =
(
c1(L1)− n− 1
3
c1(L2)
)2
=
(
c1(L)− n+ 2
3
c1(L2)
)2
= c1(L)
(
c1(L)− 2(n+ 2)
3
c1(L2)
)
+
(n+ 2)2
9
c1(L2)
2.
Thus we have (4.1). 
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We next show that Theorem 1.2 does not hold in integer coefficients in general.
Note that the following example is the same as that in the proof of [Tak20, Propo-
sition 4.1].
Proof of Proposition 1.3. Fix a positive integer d. Let h be a Hermitian metric
on the holomorphic line bundle O(−d) over CPn such that ω := −√−1Θh is a
positive constant multiple of the Fubini-Study form. Denote by (S, T 1,0S, η) the
circle bundle associated with (CPn,O(−d), h). Since the Fubini-Study metric is
Bochner-flat, (S, T 1,0S) is a spherical CR manifold. Let p : S → Y be the canonical
projection. To simplify notation, we write τ for c1(O(1)), which is a generator of
H2(CPn,Z) ∼= Z. On the one hand, consider the Gysin exact sequence
H2(CPn,Z)
−d·τ−−−→ H4(CPn,Z) p
∗
−→ H4(S,Z) −→ H3(CPn,Z) = 0.
Since H4(CPn,Z) is freely generated by τ2, the above exact sequence implies that
H4(S,Z) ∼= Z/dZ and p∗τ2 is a generator of H4(S,Z). On the other hand, since
p∗T 1,0CPn is isomorphic to T 1,0S as a complex vector bundle,
c1(T
1,0S) = (n+ 1)p∗τ, c2(T
1,0S) =
n(n+ 1)
2
p∗τ2.
Hence
2(n+ 2)c2(T
1,0S)− (n+ 1)c1(T 1,0S)2 = n(n+ 1)(n+ 2)p∗τ2 − (n+ 1)3p∗τ2
= −(n+ 1)p∗τ2.
Therefore if we choose d as a prime integer greater than n+ 1, then we have
2(n+ 2)c2(T
1,0S) 6= (n+ 1)c1(T 1,0S)2
in H4(S,Z). 
Now we consider the problem whether a given contact manifold admits a spheri-
cal CR structure. We can explicitly construct a Stein fillable contact manifold with
no spherical CR structures.
Proposition 4.2. Let M be the boundary of the strictly pseudoconvex domain
Ω :=

 z = (z0, . . . , zn) ∈ Cn+1
∣∣∣∣∣∣
n∑
j=0
(log
∣∣zi∣∣)2 < 1


in Cn+1. Then (M,ReT 1,0M) is Stein fillable but admits no spherical CR struc-
tures.
Proof. On the one hand, M is diffeomorphic to Sn× T n+1. Hence its fundamental
group π1(M) is
π1(M) ∼=
{
Z3 n = 1,
Z
n+1 n ≥ 2.
In particular, π1(M) is Abelian. On the other hand, there is a classification of
spherical CR manifolds with nilpotent fundamental group by Goldman [Gol83,
Theorem 4.1]; M must be finitely covered by S2n+1, S1 × S2n, or H2n+1/Γ. Here
H2n+1 is the Heisenberg group of dimension 2n + 1 and Γ ⊂ H2n+1 is a discrete
cocompact subgroup. Considering the universal cover ofM yields that the first and
second cases do not occur. HenceM must be finitely covered byH2n+1/Γ. However,
the fundamental group of H2n+1/Γ is Γ, which is non-Abelian; see [Fol04, Section
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2] for example. This contradicts the fact that π1(M) is Abelian. Therefore M has
no spherical CR structures. 
However, the total Chern class c(T 1,0M) is trivial for the above example. Our
last example is a Stein fillable contact manifold violating the equality (1.1). Note
that the following example is the same as that in the proof of [Tak20, Proposition
4.2].
Proof of Proposition 1.5. Let Ω0 be a Stein domain in a two-dimensional com-
plex manifold X0 such that its boundary M0 := ∂Ω0 satisfies c1(T
1,0M0) 6= 0
in H2(M0,C); see [EO08, Theorem 6.2] for an example of such Ω0. Take a defining
function ρ of Ω0 that is strictly plurisubharmonic near the closure of Ω0. Without
loss of generality, we may assume that ρ is an exhaustion function on X0. Then, for
sufficiently small ǫ, there exists a diffeomorphism χ : (−ǫ, ǫ) ×M0 → ρ−1((−ǫ, ǫ))
satisfying χ(0, p) = p and ρ ◦ χ(t, p) = t. The function ψ0 := −1/ρ gives a strictly
plurisubharmonic exhaustion function on Ω0.
We first show the statement for the case of odd n; write n = 2m − 1, m ≥ 2.
Consider the domain
Ω := { (p1, . . . , pm) ∈ (Ω0)m | ψ0(p1) + · · ·+ ψ0(pm) < 2m/ǫ } .
The function ψ(p1, . . . , pm) := ψ0(p1) + · · ·+ ψ0(pm) is a strictly plurisubharmonic
exhaustion function on (Ω0)
m, and dψ 6= 0 on M = ∂Ω. Hence Ω is a Stein domain
in (Ω0)
m ⊂ (X0)m. Consider the map ι : (M0)m →M(⊂ (X0)m) defined by
ι(p1, . . . , pm) := (χ(−ǫ/2, p1), . . . , χ(−ǫ/2, pm)).
Since this map is homotopic to the natural embedding (M0)
m →֒ (X0)m,
ι∗c(T 1,0M) = c(ι∗T 1,0(X0)
m) = c(T 1,0(X0)
m|(M0)m) = c((T 1,0M0)m).
For 1 ≤ j ≤ m, let pj : (M0)m →M0 be the j-th projection, and set
τj := p
∗
jc1(T
1,0M0) ∈ H2((M0)m,R).
Then we have
ι∗c(T 1,0M) = c

 m⊕
j=1
p∗jT
1,0M0

 = m∏
j=1
p∗jc(T
1,0M0) =
m∏
j=1
(1 + τj).
In particular,
ι∗c1(T
1,0M) =
m∑
j=1
τj , ι
∗c2(T
1,0M) =
∑
i<j
τiτj
From the fact that c1(T
1,0M0) 6= 0 in H2(M0,R), it follows that ι∗c2(T 1,0M) 6= 0
in H4((M0)
m,R). Moreover, by using τ2j = 0, we have
ι∗c2(T
1,0M) =
1
2
ι∗c1(T
1,0M)2 6= n+ 1
2(n+ 2)
ι∗c1(T
1,0M)2.
This implies that the contact structure ξ = ReT 1,0M satisfies
c2(ξ) = c2(T
1,0M) 6= n+ 1
2(n+ 2)
c1(T
1,0M)2 =
n+ 1
2(n+ 2)
c1(ξ)
2
in H4(M,R).
We next treat the case of even n; write n = 2m, m ≥ 2. Consider the domain
Ω :=
{
(p1, . . . , pm, z) ∈ (Ω0)m × C
∣∣ ψ0(p1) + · · ·+ ψ0(pm) + |z|2 < 2m/ǫ } .
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This Ω is a Stein domain in (Ω0)
m×C ⊂ (X0)m×C. Consider the map ι : (M0)m →
M = ∂Ω given by
ι(p1, . . . , pm) := (χ(−ǫ/2, p1), . . . , χ(−ǫ/2, pm), 0).
Then we obtain
ι∗c(T 1,0M) = c((T 1,0M0)
m).
Similar to the case of odd n, we have
c2(ξ) 6= n+ 1
2(n+ 2)
c1(ξ)
2
in H4(M,R). This proves the statement. 
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